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Editorial

WHEN I became Editor of EurEKa I found I had inherited a set
of the earlier copies. The reading of these I found very stimulating
and it is my purpose here to try to transmit that stimulation to
other members of the society.

“What is ‘The Archimedeans’ for, anyway? In the rules our
objects are set forth as: ‘to study the social, cultural and economic
aspects of maths. and its relation to the other sciences, and the
history, philosophy and teaching of maths. in various countries.’
That is, by lectures and discussions, and through this journal we
try to obtain for ourselves a wider background against which to
see in correct perspective the maths. of the university lectures.”’

So wrote the President of the Archimedeans in January, 1940.
There he set the tone for all the earlier issues of EUREKA: in them
we find a history of the Mathematical Association, articles about
undergraduate maths. in Edinburgh, Oxford, and the U.S.A., and
other contributions from other universities. We had generalarticles
on the teaching of maths. at school and university level: its purpose
and how to improve it—especially the former. For example,
EuREKA No. 2 has an ““Archimedeans Questionnaire’ in which two
main problems are considered: lecturing techniques and the Tripos
syllabus. Knowing human frailty, I despair of perfection ever
being attained in the former, but in the latter a lot of interesting
suggestions were made, and most of them have by now been acted
upon, most recently in the alteration of the Part II syllabus.
E.g., some lecturers were persuaded to print copies of their lecture
notes.

These were the main channels of thought in issues 1-7, up to
1942. We then had a gap of two years in publication, a complete
change of personnel, and concurrently a change in the character
of the magazine. Since then—and issue No. 8 is a particularly
good example—there has always been some actual mathematical
content in each issue. Apparently members of the society needed
some opportunity—as already hinted in our first Editorial—‘‘for
publishing their less orthodox or less mature researches.’’ The
consequence of this has of course been to overawe those with little
confidence in their mathematical ability and inhibit them from
writing anything at all for EUREKA.

Let us now consider some of the questions raised by this state
of affairs. It seems clear that undergraduate mathematicians at
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that time really were more worried about the purposeof the subject
and of their reading it than the present generation. Why were
they, and have we any excuse for being less worried? I think that
there are some simple answers that account for this change in
emphasis. Firstly, those were war years, when university life was
cut to two years and wasonly open to a select few, who then had to
think about serving their country in a rather more direct and
obvious kind of way. This, of course, disturbed any who might
have thought of placid academic careers, with Professor Hardy’s
outlook as in A Mathematician’s Apology or his summary of it in
EUREKA. Secondly, and I think moreto the point, is the enormous
and very recent demand for mathematicians in all sorts of jobs.
A reason for maths. being done nowadays is easy for anyone to
find: its applications to nuclear physics or to electronic computing.
Our market value is so high that anyone able to do the maths. up
here and wanting a lucrative job would be quite well advised to
take this road. And so modern mathematicians do not feel a
need to worry.

Butthere is a need for discussing the broader functions of maths.
in society even nowadays. Perhaps a lot of people have read
popular histories of maths. at school or up here—and I strongly
recommend anyone who hasn’t yet to get hold of one and readit.
But the teaching of maths., what to teach and how to teachit,
are questions that affect all of us as we learn, and manyof usagain,
when we go on to teaching. For example, I have just become a
research student, and am expected next term to be able to supervise
students not far junior to myself, without any instruction in how
to teach. Small wonder that the quality of supervisions is often
complained of.

The relation of maths. to the other sciences may be well enough
appreciated, but our contact as a body of mathematicians with
other faculties or with other universities or even with members
of our own faculty board is practically non-existent, and so we
miss the stimulus of hearing of other systems of education and other
people’s reactions to the problemsraised by university life. Some
of you would claim to get this from membership of certain other
societies, and perhaps you do, and this is perfect if you are com-
pletely satisfied with the present Tripos course and system of
teaching. In fact, we have not really bothered to form ourselves
as a body of mathematicians, and so need not expect to have any
influence over matters of concern to us. But nobody seems to
be concerned so perhaps it doesn’t matter.

 



The Archimedeans

LAST YEAR

THIs year the society has had the usual variety of topics for
evening discourses.

The proceedings of the first meeting, a discussion on “Probability
and Scientific Inference’ between that well-known broadcaster
Mr. Spencer-Brown and Mr. Anscombe are now permanently
recorded on tape—unless by some chance there was a Maxwell
demon loose in the Arts School. Professor Heilbronn reminded us
of the importanceof a flexible symbolism for the progress of mathe-
matics, and we marvelled at the ingenuity of the Greeks in
performing such complex processes as differentiation (sic) without
the use of modern algebraic notation. An extraordinary case of
mathematical intuition and non-rigorous argument being verified
post hoc formed the substance of an intriguing talk by Professor
Semple on “Geometrical Objects.’’ Theoretical physics is eager

- to use the results of pure mathematics as Dr. Dalitz showed in his
discussion of the “Elementary Particles,’ hinting as he did at the

applications of the algebra of groups to explain such odd-sounding
quantities as “‘strangeness.’’ Group theory turned up again in a
different guise when Professor Hirsch introduced us to the ‘“‘“Mathe-
matical Theory of Braids.’’ Finally, our interest in so diverse a
collection of subjects was justified by Dr. Nicol, who assured the
Society that there was a job for each of us, especially for any one
prepared to act as mathematical adviser to a computing machine.
At tea-time it is the custom of the Society to take its mathematics

in a more light-hearted vein, and Mr. Birch on “Doodles,” Mr. Moore
on “The Hydraulic Analogy” and the three contributors to the
undergraduate symposium continued in this tradition.

Social activities have been limited to an outing to the Gilbert
and Sullivan Opera, as popular as ever, and to a very successful

Christmas Party held jointly with the Physics Society. There
were also the annual Problems Drive and a visit to Harwell.

So far this report has probably given an impression that all is
well with the Society; this would be misleading. Certainly there is

no cause for alarm, but there is none for complacency either.
Membership of the Society has fallen: this may be in part due to
the rise in subscription necessitated by unavoidable increases in
expenses. Many of the speakers failed to get the audience they
deserved; the Music Group and the Bridge Group have suspended
their activities for lack of support; the usual punt outing to the
Madrigals was not held for the same reason. What do you, the
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Society, want? Remember that this is your Society, and it is
up to you to get from it what you want—but this entails also
giving it what you can.

I cannot conclude without expressing my thanks to a very able
Committee for their efforts in the last year, and also wishing my
successor Mr. Wall success for the year to come.

J. M. CHARAP.

THIS YEAR >

THIS year we have already had a debate, on the motion “That
Mathematics and Sanity are Incompatible’ and a punt-party and
picnic at the Orchard: both of which, though not very well attended,
were much enjoyed by those who did come.

_ The subjects of speakers for next year are not strictly confined
to mathematics; viz., apart from our annual careers talk, which

will be given by Dr. Cornford, head of Guided Weapons Department,
Farnborough, we have one on the teaching of mathematics in
America by Professor Allendoerfer and a philosophical talk by
Professor Levy. We therefore hope that those who feel their
knowledge of mathematics is but slight will not be put off by
that from coming to our meetings.

Weare breaking new ground by having stall at the Societies
Fair and hope this will encourage new members; we are having
more visits than usual, as these seem to be popular, but please,

members, let us know in advance, even late, if you suddenly find

you can’t come, to avoid this year’s fiasco when twelve people just
failed to turn up (for Farnborough). The Bridge Group will run
next year, and so will the Music Group if anyone volunteers to
organise it; we hope that honorary members-will join us in these

and any other of our activities.

To conclude, I ask anyone who has any ideas about things we
might do to get in contact with the Secretary, rather than just
keeping it to himself. We are trying to find how to please you
and would welcome your suggestions. C. T. C. WALL.

SECONDHAND BOOKSHOP

Tue Archimedeans run a secondhand bookshop on a non-profit

making basis, so that you can both buy cheaper and sell dearer

than at commercial rates. This year we have over 400 books,

mostly recommended reading for the Tripos, also some advanced

schoolbooks. Open at most reasonable hours: see A. Davy,

L6, Nevile’s Court, Trinity College.

6

“
T
i



Mathematical Music

by
WALTER F. BODMER

THE concept of a chord as a combination of notes is very familiar
but its general structure is perhaps not so well known. Thus we
associate with the dominant C-major chord CE GC its inversions
EGCE and GCEG, and with each of the twelve notes we

associate such a dominant major chord corresponding to each of
the major scales. In other words, this “‘chord” can be considered

as a fundamental musical element irrespective of the scale or
particular inversion.

It will be seen that the characteristic of the chord is merely the
sequenceof intervals 4 3 5, adding to 12, the inversions correspond-
-ing to the cyclic permutations 35 4 and 5 4 3. Such splitting
of the number 12 is an ordinary partition of 12 into three parts,
ignoring the order of the numbers, or a composition of 12, taking
order into account.

Wetherefore define the general chord as a composition of the
number 12, together with the cyclic permutations of the composition,
the characteristic type of the chord being the partition given by the
numbers contained in the composition. It is clear that, correspond-
ing to any chord of m notes, there is a chord of 12 — m notes
obtained from all the notes not used in the original chord. This
will be called the ‘‘conjugate”’ chord. For example, the conjugate
chord of the dominant minor chord (345) of three notes, is
(I2I1121112) of nine notes, partitional type (2318). (It will
be noticed that the minor and major dominant chords are the
only two of the partitional type (5 43).) Because of the above,
to enumerate all the possible chords of 12 notes, we need only
consider those of 6 or less.

For chords with total interval greater than twelve, we replace
successively the highest notes of the chord by the equivalent notes
within the first octave after the first note of the chord. Thus the
chords CGD’ A’, CGD” A”, etc., are all equivalent to CDGA.

The following is an enumeration of all the chords of six orless
notes, according to their partitional type.

 
 



I note 1 chord of type (12).

2 notes Ochords, 1 each of type (11 1) (10 2) (9g 3) (8 4) (75) (66).

3 notes 14 chords, 2 each of type (9 2 1) (8 31) (7 41) (732)

(65 1) (642) (5 43).
4 chords, 1 each of type (10 1?) (8 2?) (6 3?) (5? 2).

1 chord of type (43).
Cee

Total I9

4 notes 12 chords, 6 each of type (6 3 21) (5 421).

24 chords, 3 each of type (8 2 17) (7 3 1°) (7 2711) (64 1?)

(5 37 X) (5 3 2?) (473 1) (43? 2).
4 chords, 2 each of type (5? 1?) (4? 22).

2 chords, 1 each of type (9 13) (6 23).

1 chord of type (3°).

Total 43

5 notes 24 chords, 12 each of type (5 3 2 12) (4 3 221).

18 chords, 6 each of type (6 2? 17) (4? 2 17) (4 3? 1°).

20 chords, 4 each of type (7 2 1) (6 3 15) (5 4 18) (5 23 1)

(3° 2 I).

2 chords of type (3? 23).

2 chords, 1 each of type (8 14) (4 24).

Total 66

6 notes 20 chords of type (4 3 2 1°).

16 chords of type (3? 2? 1).

20 chords, 10 each of type (5 2? 13) (4 23 12).

15 chords, 5 each of type (6 2 14) (5 3 14) (3 241).

4 chords of type (3° 1).

3 chords of type (4? 14).

1 chord of type (7 1°).

1 chord of type (28).

Total 80



In the above table, the partitions corresponding to chords of
m notes are all the partitions of 12 containing m parts. It will be
noticed that the numberof chordsof given partitional type depends
only on the sub-partition formed by the indices. Thus, (7 2 13) has
sub-partition (3 17) and all the partitions with this sub-partition
yield 4 chords of 4 notes.

This is an example of the endless scope which exists for mathe-
maticians to formalise and generalise the rules of harmony. A
major scale, for instance, can be identified with the chord
(2212221), the conjugate being (2 3 2 2 3), and it is not difficult
to formulate rules for operating on these chords in many ways.
For example, a chord can be contracted to one of fewer notes, simply
by adding together any numberof consecutive intervals, arpeggios
may be indicated by the consecutive playing of the cyclic forms
of a given chord, or the transition from major to minor chord can
be indicated by the permutation of the intervals (3 4) in (435).
After all, the whole of music consists merely of all the possible
combinations of the twelve notes (or more if we use micro-tones)
~amongst the different instruments and octaves! It thus lends
itself to a systematic classification of the kind considered here.
However, I feel confident that music will remain the creative art
of the musician rather than the mathematician.

I am indebted to Roberto Gerhard for suggesting to me the
notion of the general chord, and the problem of enumerating
such chords.

International Congress of Mathematicians

Edinburgh, 1958

Tuis will take place from 14th to 21st August. A number of
mathematicians will deliver one-hour and half-hour addresses;
there will also be daily sessions for fifteen-minute communications.
The Congress is divided into eight sections according to subjects.
A programmeof entertainments and excursionsis planned. Those
who wishto receive further information should communicate direct
with the Secretary of the Congress:

Frank Smithies,

Mathematical Institute,

16, Chambers Street,

Edinburgh 1, Scotland.
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A New Angle Trisector

by
G. B. TRustTRuM

It is well known that an angle cannotbetrisected with straightedge
and compass alone (this was proved by P. L. Wantzel in 1847),
but there are some rather interesting devices which can be con-
structed to do the job. The principle of this one is well known
but this is, we think, a new application ofit.

The pencil holder is removed from a pair of compasses and in
its place a bar with a pencil holder at each end is attached at its
mid-point. The baris fitted perpendicularly to the plane of the
compass so that when pencils of equal length are similarly fixed in
the two holders, their points form the base vertices of an isosceles
triangle with the compass point as the third vertex. As we open
and shut the compasses we will of course vary the height of the
triangle, but the length of the base remains constant.

To trisect an angle we proceed as follows: let AOB be the angle.

 O

 

B

Construct a line / parallel to OA and at a distance from OA
equalto half the distance between the pencil points. With compass
point on O weslide one pencil along OB (weplace a straightedge
along line OB to enable us to do this). The other pencil will trace
out a curve s. Lets cut / at P. When one pencil point is at P
let the other be at P’. Let X be foot of | from P to OA, Y be»
midpoint of PP’. Then the right-angled triangles OXP, OYP,
OYP’ are congruent, since XP = YP = YP’byconstruction, and
OP = OP’. Thus OP, OYare thetrisectors of the required angle.

[We think this is the first mathematical article ever to have
been written at a world scout jamboree: are there any other
claimants ?>—Ed.]
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A Question of Limits

by
H. T. Crorr

CONSIDER a function y = f(x) which is positive, single-valued
and continuous for x >O. Suppose that either (i) f(m + a) or
(ii) f(na) + O as n -> © through positive integral values, for every
fixed a>O. Then does lim f(x) necessarily exist and equal O?

r—> CO

In case (i) the answer is no, in case(ii) it is yes.

(i) is easily disposed of. Consider the function whose graph is

shown below:

yh

lr

 
 

° 2 2 >

w
i
l
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W
W

O
W

r
y
l
—

For every fixed a > O, f/(n + a) = O from some point on, and so

a fortiort it +O. But lim /(x) does not exist.

In case (ii) we first require a

Lemma. Given two numbers, y,, v. such that v, > v, > O; and

an infinite sequence of intervals (7;, s;) such that

O <r, <8, Sty Sy Koss |

and 7;-—> 00; then (dv). vy» >v>y, and such that mv falls

infinitely often in an interval (7;, s;).

Proof. Choose an integer m > y,/(v, — v,). Then
MV, > (m + I)yj.

Let the first 7 > my, be 7;. Define k as the integer such that

(kR+1)vy, >7;, >ky,: then k >m.

Write v,’ =7,;/k, vo’ = min (s;/R, vo).

11

  



//ee Vo > Vo, Vy >

k+1 1

Then if v.’ >v > vy’, s; > kv > 7.

Choose a smaller interval v,"" >v > v,’’ such that
Vo. Ss Vo” > vy" > Vy.

We may now repeat the process, deleting (7,,s;) from our list
of intervals, and find a smaller interval [v,“), v,“”] within which
values of v have two multiples in the set of (7;,s;). By an easy
induction we get a decreasing sequence of closed intervals; now
their intersection is either a closed interval or a single point and
in any case contains some vy: for such y, mv falls within one of the
(7;, S;) more than any finite number of times, i.e. infinitely often.

This proves the lemma. Suppose now that lim f(x) does not
exist and equal O. As f(x) is positive and continuous, there is
an e and an infinite set of intervals (7;, s;), where 7; > 00, in which
I(x) >e. Hence by the lemma, (Jv) such that mv falls infinitely
often in these intervals, i.e. f(mv) > for infinitely many n. This
contradicts our hypothesis that /(mv) > O for every fixed vy, so that
(ii) is proved. Note that for this proof it was sufficient to assume
the hypothesis for v such that v, > v > y,.

It is interesting that if we drop the condition of continuity of /,
even the requirement anJen -+ 6) = O for every fixed pair a,b is

insufficient to ensure lim“ai) == ©),
I—> C

For define f(x)= 1 whenever x = 4/p, p a primeinteger
= O otherwise.

Clearly lim f(x) does not exist. But lim f(an + 6) =O. Forif

not, an +b = +/f for infinitely many (and 4), so @ fortiori for
three values of m and p. Thus:—

an, +b= WV,

an, +b= Vp,

an, +b= Wbsz

yy Vb, — Vb»

Ny — Ng Vb, — Vb

12



Cross-multiplying and squaring we get an equation of the form

A,(A, — 2p,p3) = As(Ay — 2~/P,~2) where the A’s are integers.
 

This is absurd since #,,f5,p3 are distinct primes.

From the above work we can deduce several theorems of the
following type:—

Between any v, and vy, where vy > v, > O, lies a v such that
lim |sin mv|"” does not exist.
n> C

For |sin x|* is positive, continuous, and does not tend to a
limit as x — oo. We may ask whether vy = 1 is a possible value.
The answer is in the affirmative, and we show an even stronger
result, viz., |sin n|*™* does not tend to a limit for any k>O
(and similarly for cos).

A variant of Kronecker’s theorem (Hardy & Wright, p. 375) is

If v is irrational, « arbitrary and N positive, 4 integers n > N
and # for which |nvy —p—a| < 3/n.

Take in this v= 1/7 a= #:

|n — pa — m/2| < 3/n

|cos (n — a/2)| > cos a (n > 6)

; Q7?
|sinn| > 1 — —~

2n2

. : . Q7? kn? ——

|sin n|*"" > I— Tn) 0 as 2 —> 00

~9kn*
. J arbitrarily large for which |sin n|*" >4e ”

. lim |sin n|*"" does not exist (plainly if limit exists, it is O).

A fortiori lim |sin |” does not exist.

By putting « = O instead of 4 we get the same with cos for sin,

A Trifle
A mite In flight

Despite Its fright

Alights And sights

Its bites.

Le PLEssIs.
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Problems Drive, 1957

COMPETITORS work in pairs, and are allowed five minutes for each
question. The winning pair have the privilege of setting the
problems for the next year.

1. Five men: Albert, Bernard, Charlie, David and Edwin, and
their wives went to shop. Each paid as many pennies per
article as bought articles. Each man spent £4 16s. 3d. less
than his wife. Albert bought I more article than Ruth.
Ruth and Priscilla together bought as many articles as
Bernard and Charlie together. Priscilla spent four times
as much as David.

Who was Edwin’s wife?

2. In the following sum, where arithmetic is in the scale of 7,
different letters represent different digits.
What is the sum?

THIS
LS

 

EASY

 

3. A croquet lawn has 6 hoops and I peg,
arranged as shown in the diagram.

 

The course is: up through a,b

sown ° f,e | | |

up c,d d| |

down b,a Pe

up e,f c| |
down dic a| | e| |

and then hit the peg P.    
A mathematician decides to play so that the track of

his ball never crosses itself. What is the least numberof
hoops he must go through, and how does he do it?

14



You are given the axioms for plane geometry:

(i) Any 2 distinct lines meet in just one point.

(ii) Through any 2 points goes at least oneline.

(iii) Not all points lie on the sameline.

Show how to construct a geometry satisfying the axioms
and with any given number, , of points. (n > 2.)

How manylines has it?

Mrs. A. and Mrs. B. played a tennis match. No set went
to more than 10 games. The product of the numbers of
games Mrs. A. won in the various sets is equal to the
corresponding product for Mrs. B. Mrs. B. won the 8th

game in each set.

Who won the match?

Show how the following series are constructed, and give the
next term:

(i) (x,2), (2,3), (1,4), (2,5), (1,6), (4,5), (2.7),

(ii) 2, 2, 3, 5, II, 19, 4I,

(iii) 0, I, 2, 7, 30, 157, 972,

Cross-Number Puzzle.

Clues: Horizontal, Forwards.

1. Number of ways in which 7 people may take
7 gowns(1 belonging to each) such that nobody
has his own gown.

4. A power of a prime = 10 + a powerof a prime
(each is > 2nd power).

5. Current A.D.  
i, 2 3

Horizontal, Backwards.

6. Perfect square. 4
 

Vertical, Down.

1. Date of Magna Carta.
2. Powerof 2.
3. 0559 (Anagram). 6

Vertical, UD.

6. Number represented?by last two digits = twice
that represented by,first two.

15
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8. Are the following knotted?

i) oN (si) ea _o

xAI) Y K
Co

 

 

9. 1345 All the digits in the multiplication are determined

32 given the 6 digits of the multiplicands.

—— Indicate 5 digits in the array, given which (and the

2690 blank outline) the whole calculation can be deduced,

4035 and show how to deduceit.

 

43040

 

to. Each of A,B,C asserts that his new watch keeps exact time.

B reckons that A gains exactly I minute per day

u 93 ) B 39 3) I 3) ») 9)

They synchronise watches. Assuming these rates of
motion are kept up precisely, after how many days(in B’s
reckoning) would all the watches next agree?

rz. A pile of counters, coloured red, orange, yellow, green and
blue is given to 4 men, 3 of whom are colour blind.

One confuses yellow and orange.

Another confuses green and blue.

The other confuses red and orange, also green and yellow.

16



Each writes down how many hethinks there are of each
colour. You are given the guesses, but don’t know who
made which set of guesses. Give a way of deducing how
many counters there are of each colour. Can you always
find out who made which set of guesses?

Given that, for all a,b,c,d,e;

}(a,b,c,d) + fle,c,b,a) + f(d,b,c,e) + f(a,c,b,d) = 0

prove f(a,b,b,d) =o.

 

(For solutions see page 29.)

 

TYPEWRITING DUPLICATING SECRETARIAL ASSISTANCE
DICTAPHONE GREEK TYPEWRITING INDEXING

 

ADDRESSING ETC.

The University Typewriting Office
GIFFORD PLACE (off GREEN STREET), CAMBRIDGE

Telephone No. 4890   
 

 

We can supply any books reviewed in this journal.

May we add your name to our mailing list?

MATHEMATICAL TRIPOS PAPERS STOCKED

DEIGHTON BELL
BOOKSELLERS

13 TRINITY STREET CAMBRIDGE
TEL. 3939   
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A Valentine

My cardioid I send to thee
With love and osculations:
O conjugate, let’s have no more
Harmonic separations.
Love’s Waves aboundthis day, and I
Wait thy reciprocations.

J. G.B.

A Fundamental Proposition

by
A VERY TWISTED CUBIC

Given A,B,C 3 collinear points in order.

Io prove B is the midpoint of AC.

Construction. Draw the family of circles touching AC at B.

To each, draw the other tangents from A and C: let them cut
in X. Weconsider the locus of X.

Proof. As AX,CX are clearly in (1 — 1) correspondence, the
locus of X is a conic. But whentheradius, 7, = O,the ray AC
corresponds to the ray CA .*. the conic degenerates to two lines,
AC and say a line L. Plainly when yO X does not lie on
AC .. it lies on L. By symmetry about AC, Lis | to AC. More-
over, L passes through B. For consider the position of X when
y is so small that A andC lie outside #,t’: the tangents | to AC.

 

L xX i

L

a,
A -* B C  

Then X lies between #,t’ and so L does.:. its distance from B is
less than 7 (for any 7) so L goes through B.

18



Now take again a typical position of X. As L is | AC, the
tangent, and passes through B, the point of contact, it also passes
through the centre, O: and by definition X lies on it.

In the As ABX CBX

BX = BX (common)

ZABX = /CBX (= 90°, proved)

/AXB = /CXB (angles between diameter and
two tangents from X)

“. AABX = ACBX (2 angles, one side)

And, in particular, AB = CB.

We now append the magic letters QO. E. D.

A Pathological Function

by
J. D. ROBERTS

WEdefine a function F(x) which takes every real value in every
interval.

Express the fractional part of x as a binary “‘decimal’” (which
may or maynot terminate) 0.%,%%3... ‘2 1 1 (x)

Wedenote the sequence oIII .. . (” I’s)o by S, and define

fn = 0 if S, occurs a finite number of times in (1)

fn = 1 if S, occurs an infinite number of times

and f(x) =o.f,fof, .. . (another binary decimal).

Now take any interval of x (as small as we like). We can
find N.x,x%....%, such that with these fixed x is bound tolie in the
interval. We can now make /(x) take any value o.f,f,... between
o and 1. For consider the sequence 17,,%5,n3,... (which may
terminate) of all the ~’s for which /, = 1, and write

Xx = N%% ee Xr Sea, ; Sas Slue? Say Sn ges ee

which contains all S,, an infinite number of times andall other S,,
a finite number of times.

By considering F(x) = tan w{ f(x) — 4} we have a function which
takes every real value in every interval of x.
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The (0, x, p) Problem

by
C. T. C. WALL

THE following problem was suggested by C. W. J. Alexander:

Find four integers x,y,f,q such that

XY = Pq y= pr q.

It is not in fact difficult to find all such setsof integers for, rewriting
the equations as:

(x — 1)(y — 1) + (6 —1)(¢ —1) =2

(x + I)(y + 1) = (6 + 1)(@ + 1)
we see that if some variable, say g, = — 1 then so does x or y,
say y and p=I—4*#:x*=%*, y=—I, pH=I—%x*,gq=-—tI is
a solution for all x.

Wewrite this solution as (x, — 1) and (I — x, — 1).

Similarly, if g = o we are led to (x, — x) and (0, — x?)
and if g=1, («—1)(y—1)=2 (%,y) = (3,2) or (0, — 1).

The latter case we have already dealt with, and in the former

— p=5, giving (3,2) and (5,1).
Finally, if no variable is 0, +1 then x +1, x —1 have the

same sign; similarly for y,f,g. Hence (x — 1)(y — 1) has the same
sign as (x +1)(y +1), ie, as (6+ 1)(g +1) and therefore as

(p ~ 1)(q _ I).

Thus (*« — 1)(y — 1) = (6 — 1)(g — I) =1 and novariable is o.

._L=y=p=—g=2 .giving (2,2) and (2,2).

We can generalise this in the following way: find all pairs of
sets of integers such that the elementary symmetric functions
of one set are the same as those of the other set in the reverse
order. In fact I write o,(x) for the 7 elementary symmetric
function of the x; (I <7,7 <n), 1.e., the sum ofall their products
tat atime. I can then state the equations as:

o;(%) = Ont-i(P) I <1 <n vs - (I)

In this article I shall sketch briefly the solution of this problem.

I first assert

xIL(x -+ x) == ntl — jy + I (xp; + I) .. _ (2)
1 1
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For compare the coefficients of x‘. If i=o0, both are o. If
t= n-+1 both are 1, whereas if 1 <i <n we have oni,-,(x)
and o,(~) which are equal by (r).

If we now substitute x = — x; we obtain
n

I — (—%,)") = Hr — p;X;) -. - (3)
I=

This gives me no information if *,;=o. If *;=—z1 then
n

II(r + $,) =0, so that some p; = — 1, and ifsome x,;= +1,
1

n

then II(r — p,) = 1 + (—1)”, so that if 7 is odd, some p; = + 1,
1

whereas if ~ is even

(pb; 1) =2 a ns a (4)

If x; A 0, +1 we can deduce a lot more about the #,, so I first
set about proving that x; does not often take these values.

Suppose now that two #; are o. Then o,_,(p) =o,(p) = 0,
1.€., 0,(%) = 0,(%) =o .. Lx, = 0,2 — 20, = .’. all the x, are o.
Hence all the ~; are 0. This solution is trivial and we discard it
in what follows; thus we may suppose at most one #,(or x,) is 0.

Going back now to the special case of (4) we may deduce(suitably
ordering the #,) that p; — I = + 2,f, —-I=+1, other fp; —I=I
and so ~, = 3, other p; = 2 or pj = — I, p, = 0, other fp; = 2.

In these cases, o,(x) =0,(p) = 2" +1 or 2n—5 (0)

o,(x) =0,(p) =3.2" or o
and in the second case, o,(%) = o,-,(p) = — 2"-*. We now need:

Lemma. If all the x; are non-zero then

|ox(x)| < |o,(x)| +n —1 $0 .. (5)

If, further, o,(~) =o then

|o2(x)| <|on(x)| + 3(~—1)m—2)..  .. (6)
Proof of (5). Keeping |o,(x)| fixed we alter the x; in various
ways, increasing |o,(x)| each time, till it ends with the value
given above. First replace each x; by |x,|. If we now have
X;, X; >I we replace them by 1, 4%,x,;: this increases |o,| by
(x; — 1)(x; — 1) >o. After a finite number of such steps we have
|o,| and  —1 ones, giving result. Q.E.D. The proof of (6),
which is similar but harder, is left as an exercise to the reader.
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Now apply this to the cases above. We get, respectively,
3.2.1 <can+iI1+n—I1..n=2, a case already treated, and

2an-2 <|an—5|+4(n—1)(n — 2) .«. m <6 and, in fact,
n = 4, 6 do not yield solutions.

Thus is ” > 2 is even, no I’s may occur in the solution.

Now suppose #,, = — I: then we may write x, — 1. Dividing
(2) by x —I and then putting % =I we get

Te+1) +1, + I)=nm+.r..  «.  (7)

and so if some further #,, say $,-, = — I,

Tey +2) = n+ oe or a (8)

At most A = [log,(m + 1)] of the x; + 1 can differ from +1, and
at most one x; is 0, so that at least » — A — 2 of the x; are —2,
and one is —I. Let the others be the first A-+1. Thus

|o,(x) + 2n — 2A— 3| <A4t+14+2/"/",4+ 1

<At+r1+At+n4+1=2+2A+2

by (5) and (8). Hence, firstly,

|o,(p)| = |o,(x)| >u— 4A—5 > oifn >22

so that in these cases no #,;is 0.

And, secondly, |o,(%)| <3” —1

and either |o,,(x)| > 2"? > 2-7/4,

Or @,(%) = oO and. |@,-4(%) | 2 2"-"/443

and these are o,(), o,(f) and o,(p). Thus

by (5) if no x; =0, 2°*/,4, <3” —I+("—I1) .«.% <I0

by (6) if some x; = 0, 2”-*/,4, <3n —1-+ 4(n — I)(n — 2)

mw S12

Thus in the case $,-, = py, = —I there are nosolutionsif m >22.

Enumerating all the cases ~ < 21 using only (8) and: at most
two x; are 0, we find that (5) and (6) are strong enough to rule
out all the cases except mn = 3: (I,1, — 1) and (1, — 1, — 1);

(—3,—3,—1) and (-—7,—1,—1); (—5,—2,—1) and

(—8, — 1, — 1); (3,0, — 1) and (2, — I, — 1).

Nn=4 xX = (6,0, — 2, — I)

n=5 (—4,1,0, — 2, — 1) and (3, — 2,1, — I, — 1)

% = (5,0, — 2, — 2, — I).
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A detailed check of the two cases where x only is given showsthat
they correspond to no solution. In any further solution at most
one —I occurs among the x; and among the 4#,.

Now consider the +1’s if ~ is odd. If in any solution with
n odd we changesigns ofall the x; and 4; simultaneously, equations
(I) remain unaltered. So the solutions with ” odd and two +1’s
are precisely those obtained by changing all the signs in solutions
above. Summarising, then, in any further solution at most one
of the x; and at most oneof the #; takes a given value 0, + I, — I.
+1 and —1 occur among the x; and 4, together, and +1 cannot
occur at all if m is even. This completes the first part of my
programme: now we can proceed to the main argument.

If » = 3, (0,1, —1) and (0,1, —1) is a solution. In any
further one, there are x; such that |x,;| >2 and #, such that
|p;| >2. Let M, N be the minimaof such |x;| and |#;| in any
further given solution.

Then if p; 40, +1

_ Hence by (3)

xi"? + 1 > (|x|? — 1)(N] ai] — 1)",
and as M is some such |x;|,

M"ti + y > (M? — 1)(MN —1)”-3__—=»=. vs (9)

Hence if m >8, M™+! + 1 > (M? — 1) M”-8 (MN — 1)°

and M,N >2

75M? > M? + x > (MP — x)(MN ~ 3) > (@M*)(@MN)?

m2 > 29N55 N2 since NS>8>8 x 22
4104 729

So M>N. Similarly, N >M. Thus in this case we have a
contradiction and there are no further solutions.

We may now use the fact that no +1’s occur to strengthen (9)
if m is even, and by arguments similar to the above we may obtain
contradictions if: m = 6 or m = 4,5, 7; M,N >3 where in the
case # = 5 we must suppose that not all of 0, +I may occur
simultaneously.
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If m = 4, 5 or 7 suppose without loss of generality M = 2 and
%, = +2. Substituting in (3) we get an equation with only a
few solutions (for the #,). Checking all these, we find that no new
solutions are introduced.

If m = 5 and o, +1 all occur we have two cases. Ifa o occurs
among x; and among #,;, the x; are 0, + I, — I, + x,, — x,: the
p; similarly, and (x) yields: 1 + x,2 + $,2 = 0, a contradiction.
If only one o occurs, suppose it is among the #;. We may then
deduce from (7) or, better, direct from (2) that:

(x4 +I)(%+1)(% +3) =3—(f,+1)(p+0
(%; — 1)(%_ — 1)(%; — I) = (f, — 1)(f2e — 1) — 3

and none of %,, %2, %3, £;, 2 is O, +1. Thus the twoleft-hand sides
and .*. the two right-hand sides have the same sign. If this is
positive, (; — 1)(f2 —1) >o.. (65 + D(P,+ 1) >So... =I1or2
“. (py, pe) = (—2, —2) or (—3, —2) and so N= 2. Similarly, if
the sign is negative. But we have already dealt with the case N = 2.

Finally, consider the case » = 3. We have already considered
cases with two +1’s or —1’s. If one +1 and one —I we come
to the solution (x, —1,-+1) and (— x, —1, +1). Otherwise at
most one +1. If no zeros occur, M*+ 1 > (M — 1)(MN — 1)?
(proved as (g)), gives a contradiction if M,N >3. If M = 2,
suppose without loss of generality x, = 2. Then by (3),

3
—15 = II(i — 2p,) and no zeros occur, so that p = (8, I, I) or

1
(—2, —I,1I) or (3,2, 1). The first two we have had already: the
third leads to the solution (3, 2,1) and (3, 2, I).

If a zero occurs and, say, x, = fs = — I, %, = 0 then f, = 1— 4,
and *x,=1—/,+ ,7: solution .(1—p+ #%,—1,0) and

(b,x — p, —1).
Similarly, if we have a +1 (changing signs). If neither,

M* + 1 > (MN — 1)? and if N>M+1

> (M2 + M — 1)? > (M? + 1)? = M*+ 2M?+4 1

a contradiction. Thus

N <M if the #, may have ao; M <N if x; may have a o

N < M if they may not M <N if not.

So the only further case is if both have o’s and M = N: wefind
at once the solution (%, —%,0) and (%, —x, 0).
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This completes ourlist of solutions. Those for m = 2 are grouped
at the beginning, those for = 3 at the end. In fact, the only
ones for x = 3 which do notfall into one of the four infinite families
of solutions are (8, 1, 1) and (5, 2, 1); (7, I, 1) and (3, 3, 1); (3, 2, 1)
and (3, 2,1) and those obtained from these by sign-changing. It
is of interest that these and the two odd cases for m = 2 are the
only solutions in positive integers. There are also the two solutions
for n = 5.

One final remark: a method of checking suggested solutions
which will always work. Consider, e.g., the case

x = (5,0, —2, —2, —I).

The o;(x) are 0, —17, 36, —20, 0 and we deduce that the #; are
the roots of p° — 20pf3 — 36/2 — 17 = 0. Removing the roots
0, —I, —I we are left with fp? — 2p — 17 = 0, whose roots,
I + 3/2, are not integral. Hence this is not a solution of the
type required.

~ Mathematical Association

President: W. J. LANGFORD, J.P., M.Sc.

The Mathematical Association, which was founded in 1871 as the

Association for the Improvement of Geometrical Teaching, aims not
only at the promotion of its original object, but at bringing within
its purview all branches of elementary mathematics.

The subscription to the Association is 21s. per annum: to encourage
students, and those who have recently completed their training, the
rules of the Association provide for junior membership for two years
at an annual subscription of tos. 6d. Full particulars can be had
from The Mathematical Association, Gordon House, Gordon Square,
London, W.C.1.

The Mathematical Gazette is the journal of the Association. It is
published four times a year and deals with mathematical topics of
general interest.

After Bathing

WHILST giving full credit to Mr. Archimedes for his discovery of
the method of measuring volumes, I would suggest that it is more
likely that it was Mrs. A. who, seeing the mess in the bathroom,
and then her husband running to the study dripping with bath
water, exclaimed indignantly “You Reeker!”’

B. D. IJonpPo.
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Contributions

WEwere glad to see the quantity of material flowing in to the
Editor this year. We shall keep the payment system as before:
10/- per printed page for undergraduates and research students,
and now request you to fulfil again your part of the bargain.
Contributions should again be sent in as soon as possible and
in any case not later than the end of July.

Postal Subscriptions and Back Numbers

For the benefit of persons not resident in Cambridge we have a
postal subscription service. You can enrol as a permanent sub-
scriber and either pay for each issue on receipt or, by advancing
10/- or more, receive future issues as published at 25% discount,
with notification when credit has expired.

Copies of EUREKA Nos. 11 to 16 (6d. each), 17 (1/-), 18 (1/6)
and 19 (2/-) are still available (postage 2d. extra on each copy).
Weshould also like to buy back any old copies of Nos. 1 to Io

which are no longer required.

Cheques, postal orders, etc., should be made payable to “The
Business Manager, Eureka,’’ and addressed c/o The Arts School,

Bene’t Street, Cambridge.

Professor Besicovitch’s Minimal Problem:

A Challenge

by
ANTHONY EDWARDS

TuIs problem, as put in Rouse Ball’s Mathematical Recreations and
Essays, is ‘“‘to determine the plane lamina of least area which,
when suitably oriented, will cover any given plane figure of unit

diameter.”

I give here such a lamina, that I have proved sufficient, and
in fact any small distortion of it will exclude some figures of unit
diameter. I cannot prove that it is the lamina of least area, and

this it may not be, but a little manipulation of cut-out figures on
the diagram will convince the reader that it cannot be far off

the minimum lamina.

The challenge I would like to put out is to find a sufficient
lamina smaller in area than mine, which is constructed as follows:
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”*Take a square of unit side, ABCD. Let the sides AB, BC, CD
and DA have mid-points P, Q, R and S. Cut off the parts of the
square lying outside the arcs of unit radius described about Q and 5.
Construct similar arcs about P and R, and cutoff those parts lying
outside them, and to the Band Cside of Pand R. The only straight
lines now remaining in the figure are AP and DR. The area of
this lamina is 0-8934 square units.

And, for readers who produce a smaller lamina within ten minutes,
here is an analogous problem: Whatis the plane lamina of minimum
area that will cover any given plane figure of unit perimeter?ro
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A Problem on Grills

THE following problem was set in EUREKA No. 19:—

A determinant is called a grill if each element is either
I or 0. Prove that the value of an ” x m grill cannot exceed
2[d(n + 1)}#"+. Construct grills which have this value when 1 + 1
is a power of 2.

SOLUTION :

Weshall prove that the maximum of A = |a,;| subject to the
condition

X(a;; — 4)? = ™ (nis the order of A) .. . (1)
0,9

is 2[4(m + 1)]Ho4, Then the first part of the problem follows,

since (a,;; — 4)? = 4 when a,;; =I, 0.
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By the method of undetermined multipliers the stationary

values of A subject to (1) are given by

203; —Ii= AA;;; e. ee oe °- o- (2)

where A,; = 0A/0a;;. Multiply (2) by a,; and sum over 7, then

L2055p3 — Lax; = M6; - vs -» (ax)
j j

From (3;,) and (3x1) (A1),
Dilley == Lh, = AC, say :. - . - (4)
j j

Hence by (3,;)

Ud;Ap; = C + 4AA5;;, ee oe . . (5)

j

By (1), (4), (5) ”
O= 2(4;;? — ayy) = n(C + SAA) — 2nC,

ie. C=HAA tC)

By (4), (5), (6)
4nC* = Xi (Xia,;)2 = n(C + SAA) + n(n — I)Ca

j
= n(n + I)C.

Since we are looking for maxima of A we may exclude C = O.

Hence C = (n+ 1). Therefore (5) and (6) yield .

UdiAy = 3M + I)I +04) -- vs n° (7)
3 :

Hence A?=[4(m + 1)]" |r + 6,,| = 4[4(” + 1)]"*1, and the result
follows.

The preceding argument shows that a grill has value
2[4(m + 1)]("*)/2 if and only if its elements satisfy (7). Since
a;; 18 integral it follows that grills with this value exist only if
4(n + 1) =M (an integer). Evidently the grill |a,,;| satisfies (7)
if and only if,

(i) each row has exactly 2M — 1 elements equal to O,

(ii) each pair of rows has exactly M — 1 elements equal to O
in the same columns. ‘Thus the problem of finding a (4M — 1)

< (4M — 1) grill with order 2(M™) is equivalent to the problem
of forming 4M — 1 objects—called points—into 4M — setscalled
primes so that each prime contains 2M — 1 points and each pair
of primes has M — I points in common.
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Suppose M = 28, (s>1). Let G be thefinite projective geometry
of s-+1 dimensions over the field of 2 elements. Then G has
4M — 1 points and 4M — 1 primes. Each prime contains 2M — I
points and each pair of primes has M — 1 common points. Thus |
we can construct a (4M — 1) x (4M — 1) grill with value 2(M™™).

G. H.

To Cc'r

Speak to me only of thine 1’s:
I’m pure imagin'ry.
Thou may’st be real, but I repose

On lines at infinity.
[The need that doth from Euclid rise
Doth ask a complex line,
But for the best of both arose
The plane they call Affine].

I sent thee late my tangent rays,
Not so much touching thee,
As hoping thine attentive gaze
To focus thus on me.
Thy centre is my conjugate
Though poles apart we be,
But thou dost not reciprocate
To any high degree. | )

I.

Solutions to the Problems

Drive

THE average mark gained (out of Io) by the 17 pairs taking part
is put in brackets after the number of the problem. The winning .
pair scored 65 out of a possible 120.

 

r (x). Ruth.

2 (4). 2654
54

3041
 

3 (6). He must go throughat least two extra hoops, making14 in all.
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4 (6).

5 (6).

6 (1).

7 (6).

10 (2).

EI (3).

12 (3).

i
|

Let ~ — 1 points a, (I
point a, off it.
n in all.

Mrs. A.

n

S

~

1 < nm — 1) lie on theline /,.
1 other lines /; = (a,,a;) making

One

(i) »** term = (a,b) where 0 <a<b and a® + 0? = nth
prime of form 4k + 1. The next term is (5,6).

(ii) m’* term, uz = Pyn where p, is vyprime and f, nt
Fibonacci number [f, = f= 1 and fn = fr-o + fr-1l-
The next term is 73.

(111) Uppy = NUy + Up-y. The next term is 6961.

 

 

 

   

I 3

1| 8/5 4
4

2) 1);947
5

1}9|5|7
6

5/2] 0] 3    
(i) and (iv) are knotted,

(ii) and (ili) are not.

 

2690 or

 

43040
 

1,037,520 days.

At least three of the four get right the numbers of red and
of blue counters, also the following combinations: green + blue,
red + orange, yellow + orange.

If all four made the same guesses you could not tell which
was which.

Put b=c 2f(a,b,b,d) + f(e,b,b,a) + f(d,b,b,e)

Substitute e,a,d and d,e,a for a,d,e

2f(e,b,b,a) + f(d,b,b,e) + f(a,b,b,d)
af(d,b,b,e) + f(a,b,b,d) +f(e,b,b,a)

O.3(1) — (2) — (3) now gives: 4f(a,b,b,d)
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Book Reviews

Proceedings of the Third Berkeley Symposium on Mathematical Statistics
and Probability. Edited by JERzy NEYMAN. Volume lI. Theory
of Statistics x, 208 pp. VolumeII. Probability Theory x, 246 pp.
(University of California Press, 1957.) 10% in. 49s. per volume.

The very rapid progress that has been madein the theory of statistics
and probability during recent years, particularly in the United States
where mathematical conservatism has not been so strong in preventing
mathematicians from becoming interested in the subject as it has in
this country, has enabled the Statistical Laboratory of the University
of California at Berkeley to organise three symposia, since the Second
World War, attended by leading statisticians and probabilists from all
over the world. The two volumes under review contain 31 papers on
the theory—another three volumes are available on practical applica-
tions—read at the symposium held in 1954 and 1955. ‘The standard
of the contributions is extremely high and several of them will surely
initiate significant developments in the subject. The University, and
particularly the Editor, are to be congratulated on the production
of this wealth of interesting material.

In the limited space at my disposal it is only possible to mention
the highlights, and to indicate the sort of topics which are engaging
the attention of the theorists in probability and statistics at the present
time. In Volume I, Karlin begins a development of decision theory
for a restricted but important class of distributions introduced by
Pélya. It often happens in mathematics that some slight restriction
in the formulation simplifies enormously the technical problems without
destroying the essential generality, and Karlin’s restriction seems to
do just this. Stein puts a very powerful spannerinto statistical theory
by showing, for example, that if x, is the measured length of a rod of
true length y»,,and all measurements of the different rods are made with

the same known accuracy, then yp, is better estimated by using all the
measurements than by using 7, alone. The snag probably lies in Stein’s
meaning for ‘“‘better than’’: but it is the meaning that statisticians
have adopted since the days of Gauss. In VolumeII, Blackwell shows
how topological considerations are needed in probability spaces in order
to remove certain difficulties. Doob applies probability methods in
order to obtain powerful results in the study of the first boundary
value (Dirichlet) problem: this paper is a good example of the use of
probability techniques in non-probabilistic problems. Miss Mourier
extends many probability ideas of Euclidean space to Banach spaces,
and Zygmundis part author of a note on random trigonometric poly-
nomials. Any part three or research student in any field of mathe-
matics ought to dip into these two volumes. He willalmost certainly
find at least one paper which touches on his own interests, and which
will demonstrate the wide scope of probabilistic and statistical ideas.

D. V. LINDLEY.
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Introduction to
Diophantine Approximation

J. W. S. CASSELS
An introduction to the basic results and techniques in the
theory of Diophantine Approximation and to some ofits
most striking achievements. Volume 45, CAMBRIDGE
MATHEMATICAL TRACTS. 22s. 6d. net

Lie Groups
P. M. COHN

An introduction from the algebraic standpoint to the theory
of Lie groups, and especially the fundamental theorems
establishing the connexion between Lie groups and Lie
algebras. Volume 46, CAMBRIDGE MATHEMATICAL TRACTS.
Ready Autumn About 25s. net

Automatic Digital Computers
R. M. LIVESLEY

An introductory account of digital computers written for
those without advanced mathematical training. CAMBRIDGE
ENGINEERING SERIES. 8s. 6d. net

Table of the Fresnel Integral
to Six Decimal Places

T. PEARCEY
This table of the Fresnel Integral to six decimal places was
first published in Australia by the Commonwealth Scientific
and Industrial Research Organisation, Melbourne.
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An Introduction to Diophantine Approximation. By J. W. S. CASssELs.
(Cambridge Mathematical Tracts.) 22s. 6d.

Diophantine Approximation is concerned with the problem of
approximating to a real number by means of a rational /q and with
generalisations of this question. For a particular real number, the
problem in this form is of course completely solved by a knowledge
of its continued fraction. A question of rather greater interest is the
form of the “‘smallest’’ f(q) for which | @ — p/q | < f(q) has an infinity
of solutions, not merely for a particular 6, but for all members of

some given class of real numbers. In some sense complementary to
this is the question of the largest f(¢g) for which the inequality has
only a finite number of solutions for all members of some class. The
author considers problems of this type applied to particular sets,
including the set of all real numbers itself. He also deals with the
generalisations to the inhomogeneous case and, in rather less detail,

to the simultaneous approximation to a set of linear forms.
A common characteristic of most branches of the Theory of Numbers

is that problems with a strong superficial resemblance rarely respond
to the same sort of treatment. This is particularly true of the subject
of this tract and the major theorems are, on the whole, completely
independent of one another. The resulting lack of uniformity in no
way detracts from the elegance of the results or of the author’s presenta-
tion of them. It does, however, have the unfortunate consequence

of requiring a separate technique and elaborate system of notation
for several sections of the tract. To the reader with no prior knowledge
of the subject, for whom the book is primarily intended, this is a
grave disadvantage. The mathematical discipline necessary for several
of the more important results, notably Markoff’s Theorem and Roth’s

Theorem, does require a real effort. This effort is amply repaid by
the undoubted beauty of the results. To the specialist the book is
indispensable, not only for the excellent way in which the author
covers the present state of knowledge of the theory, but also for the
copious references to the existing literature.
Not an easily-read book but one well worth the reading. H. McA.

Fundamental Concepts of Higher Algebra. By A. ADRIAN ALBERT.
(University of Chicago Press.) 48s.

In spite of the generality of its title, this book is in fact written
to expound the theory of finite fields; and only those parts of algebra
which are useful for this purpose have been included. By this means
the author is able to give a complete exposition of the theory—so long
as one is not interested in applications—in a mere 161 pages, without
assuming any previous knowledge of algebra in the reader. The proofs
are comprehensive and a large number of exercises are included in
the text.
To fit all this material in is quite a feat: indeed, given the author’s

plan it is hard to see how he could have carried it out better. The
first three chapters are concerned respectively with Groups, Rings
and Fields, and Vector Spaces and Matrices. They are of the sort

that used to be described as ‘‘suitable for an intelligent undergraduate
with no previous knowledge of the subject’’: this means that, while
logically complete, they are so condensed that no one below a genius
could actually learn the subject from them. Moreover, in accordance
with the modern style, all hint of motive has been relentlessly excluded.
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More than half the book having thus been wasted—for anyone who
wants to read the last two chapters will in fact already know everything
in the first three—there follows an account of Galois theory for finite
field extensions. This is done by the “‘linearised’’ method of Artin,
whichis otherwise only accessible in a Notre Dame tract. This chapter
is clear and readable, though it is unbalanced in that only those parts
of the theory needed for finite fields have been included.

Finally, we come to the point of the book—an admirable exposition
of the theory of finite fields as developed by Dickson and his pupils.
The last section gives a number of results on the number of solutions
of an equation in several variables over a finite field, with a good
collection of references to other results obtained by elementary methods.

Unfortunately, all this is a dead end. The reason Professor Albert
gives for writing this bookis that “‘the existence of the digital computer
and other devices using binary digits has resulted in a renewal of
interest in the mathematical theory of finite fields.’”” This is palpably
absurd. In fact, finite fields are of the utmost importance to algebraic

numbertheory andto parts of algebraic geometry; but the present book
contains no hint of this andlittle that is useful for these applications. _
There is in fact great need of a modern book on the theory of fields.
(The standard work was written in 1910.) Professor Albert is well
able to write such a book: it is a great pity that he has written the
present one instead. H. P. FF. S*D.

Books Received

The following books have also been received, and will be reviewed
in our next issue:

The Hypercircle in Mathematical Physics.

By J. L. SyncE. (Cambridge University Press.)

and the following University Mathematical Texts (Oliver and Boyd):

Theory of Ordinary Differential Equations.

By J. C. BuRKILL.

A German-English Mathematical Vocabulary,

By S. MacIntyre and E. WITTE.

Topology.

By E. M. PATTERSON.

Special Functions of Mathematical Physics and Chemistry.

By I. N. SNEDDON.
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